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CO-STABILITY OF RADICALS AND ITS APPLICATIONS TO
PI-THEORY
A. S. GORDIENKO
Abstract. We prove that if A is a finite dimensional associative H-comodule algebra over
a field F for some involutory Hopf algebra H not necessarily finite dimensional, where either
charF = 0 or charF > dimA, then the Jacobson radical J(A) is an H-subcomodule of A.
In particular, if A is a finite dimensional associative algebra over such a field F , graded
by any group, then the Jacobson radical J(A) is a graded ideal of A. Analogous results
hold for nilpotent and solvable radicals of finite dimensional Lie algebras over a field of
characteristic 0. We use the results obtained to prove the analog of Amitsur’s conjecture
for graded polynomial identities of finite dimensional associative algebras over a field of
characteristic 0, graded by any group.
1. Introduction
If an algebra is endowed with an additional structure, e.g. grading, action of a group, Lie
or Hopf algebra, a natural question arises whether the radical is invariant with respect to
this structure.
In 1984 M. Cohen and S. Montgomery [7] proved that the Jacobson radical of an as-
sociative algebra graded by a finite group G is graded if |G|−1 belongs to the base field.
In 2001 V. Linchenko [15] proved the stability of the Jacobson radical of a finite dimen-
sional H-module associative algebra for an involutory Hopf algebra H . This result was later
generalized by V. Linchenko, S. Montgomery, L.W. Small, and S.M. Skryabin [16, 19].
In 2011, D. Pagon, D. Repovsˇ, and M.V. Zaicev [18, Proposition 3.3 and its proof] proved
that the solvable radical of a finite dimensional Lie algebra over an algebraically closed field of
characteristic 0, graded by any group, is graded. In 2012, the author [11, Theorem 1] proved
that the solvable and the nilpotent radical of a finite dimensional H-(co)module Lie algebra
over a field of characteristic 0 are H-(co)invariant for any finite dimensional (co)semisimple
Hopf algebra H . (In fact, exactly the same arguments can be used to derive the stability of
the radicals in any finite dimensional H-module Lie algebra for an arbitrary involutory Hopf
algebra H not necessarily finite dimensional.)
Here we prove the co-stability of the Jacobson radical of a finite dimensional H-comodule
associative algebra A for an involutory Hopf algebra H under some restrictions on the char-
acteristic of the base field (Theorem 1). Unfortunately, if H is infinite dimensional, we
cannot derive this result from V. Linchenko’s one directly since the dual algebra H∗ is not
necessarily a coalgebra. However, using the fact that A is finite dimensional, we provide a
substitute for a comultiplication in H∗ (see Lemma 1), which is enough for our purposes.
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As a consequence, we prove that the nilpotent and the solvable radical of a finite dimen-
sional H-comodule Lie algebra for an involutory Hopf algebra H over a field of characteristic
0, are H-subcomodules (Theorem 2).
As another consequence, we show that the radicals of finite dimensional algebras graded
by an arbitrary group are graded. The latter result is used to prove the analog of Amitsur’s
conjecture for graded codimensions of finite dimensional algebras.
The original Amitsur’s conjecture was proved in 1999 by A. Giambruno and M.V. Za-
icev [10, Theorem 6.5.2] for all associative PI-algebras. Alongside with ordinary polynomial
identities of algebras, graded, differential, G- and H-identities are important too [4, 5, 6].
Usually, to find such identities is easier than to find the ordinary ones. Furthermore,
each of these types of identities completely determines the ordinary polynomial identities.
Therefore the question arises whether the conjecture holds for graded codimensions, G-,
H-codimensions, and codimensions of polynomial identities with derivations. The analog
of Amitsur’s conjecture for codimensions of graded identities was proved in 2010–2011 by
E. Aljadeff, A. Giambruno, and D. La Mattina [2, 3, 9] for all associative PI-algebras graded
by a finite group. In 2012, the author and M.V Kotchetov [13, Theorem 13] proved the ana-
log of Amitsur’s conjecture for graded polynomial identities of finite dimensional associative
algebras graded by an Abelian group.
Here we prove this conjecture for finite dimensional associative algebras graded by an
arbitrary group (Theorem 3).
2. H-comodule algebras
Let H be a Hopf algebra over a field F with a comultiplication ∆: H → H ⊗ H , a
counit ε : H → F , and an antipode S : H → H . We say that H is involutory if S2 =
idH . Throughout the paper we use Sweedler’s notation ∆h = h(1) ⊗ h(2) where ∆ is the
comultiplication in H . We refer the reader to [8, 17, 21] for an account of Hopf algebras and
algebras with Hopf algebra actions.
Recall that an algebra A is a (right) H-comodule algebra if A is a right H-comodule and
ρ(ab) = a(0)b(0) ⊗ a(1)b(1) for all a, b ∈ A where ρ : A→ A⊗H is the comodule map. (Here
we use Sweedler’s notation ρ(a) = a(0) ⊗ a(1) for a ∈ A.)
Example 1. Let A =
⊕
g∈GA
(g) be a graded algebra for some group G. Then A is an
FG-comodule algebra for the group algebra FG where ρ(a(g)) = a(g) ⊗ g for all a(g) ∈ A(g),
g ∈ G.
Note that an H-comodule algebra A is a left H∗-module where H∗ is the algebra dual
to the coalgebra H and h∗a := h∗(a(1))a(0) for all a ∈ A and h
∗ ∈ H∗. If H is infinite
dimensional, then it is not always possible to define the structure of a coalgebra on H∗ dual
to the algebra H . However, we can provide some substitute for a comultiplication in H∗.
Lemma 1. Suppose A is a finite dimensional H-comodule algebra for some Hopf algebra H
over a field F . Choose a finite dimensional subspace H1 such that ρ(A) ⊆ A⊗H1. Then for
every h∗ ∈ H∗ there exist s ∈ N, h∗i
′, h∗i
′′ ∈ H∗, 1 6 i 6 s, such that
h∗(hq) =
s∑
i=1
h∗i
′(h)h∗i
′′(q) for all h, q ∈ H1.
In particular, h∗(ab) =
∑s
i=1(h
∗
i
′a)(h∗i
′′b) for all a, b ∈ A.
Proof. Consider the map Ξ: H∗ → (H1⊗H1)
∗ where Ξ(h∗)(h⊗q) = h∗(hq) for h∗ ∈ H∗, h, q ∈
H . Using the natural identification (H1 ⊗H1)
∗ = H∗1 ⊗H
∗
1 , we get Ξ(h
∗) =
∑s
i=1 h
∗
i
′ ⊗ h∗i
′′
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for some s ∈ N, h∗i
′, h∗i
′′ ∈ H∗1 , 1 6 i 6 s. Extending linear functions from H1 to H , we may
assume that h∗i
′, h∗i
′′ ∈ H∗. Then h∗(hq) =
∑s
i=1 h
∗
i
′(h)h∗i
′′(q) for all h, q ∈ H1. In particular,
h∗(ab) = h∗(a(1)b(1))a(0)b(0) =
s∑
i=1
h∗i
′(a(1))h
∗
i
′′(b(1))a(0)b(0) =
s∑
i=1
(h∗i
′a)(h∗i
′′b).
for all a, b ∈ A. 
Remark. Throughout the paper we choose H1 as follows. First, we choose a finite dimensional
subspace H2 ⊆ H such that ρ(A) ⊆ A⊗H2. Second, we choose a finite dimensional subspace
H2 ⊆ H3 ⊆ H such that ∆(H2) ⊆ H3 ⊗ H3. Finally, we define H1 := H3 + SH3. Now we
may assume that a(1), a(2), Sa(1), Sa(2) ∈ H1 for all a ∈ A in expressions like
(idA⊗∆)ρ(a) = a(0) ⊗ a(1) ⊗ a(2).
Lemma 2. Let A be a finite dimensional H-comodule algebra over a field F for some Hopf
algebra H with a bijective antipode. If I is an ideal of A, then H∗I is an ideal of A too.
Proof. Let a ∈ I, b ∈ A, h∗ ∈ H∗. Then
(h∗a)b = h∗(a(1))a(0)b = h
∗(ε(b(1))a(1))a(0)b(0) = h
∗(a(1)b(1)Sb(2))a(0)b(0) =∑
i
h∗i
′(a(1)b(1))h
∗
i
′′(Sb(2))a(0)b(0) =
∑
i
h∗i
′(a(S∗h∗i
′′)b) ∈ H∗I. (1)
Similarly,
b(h∗a) = h∗(a(1))ba(0) = h
∗(ε(b(1))a(1))b(0)a(0) = h
∗((S−1b(2))b(1)a(1))b(0)a(0) =∑
i
h∗i
′(S−1b(2))h
∗
i
′′(b(1)a(1))b(0)a(0) =
∑
i
h∗i
′′((((S−1)∗h∗i
′)b)a) ∈ H∗I. (2)

In addition, we need the Wedderburn — Artin theorem for H-comodule algebras:
Lemma 3. Let B be a finite dimensional semisimple associative H-comodule algebra over
a field F for some Hopf algebra H with a bijective antipode. Then B = B1 ⊕ B2 ⊕ . . .⊕ Bs
(direct sum of H-coinvariant ideals) for some H-simple algebras Bi.
Proof. By the original Wedderburn — Artin theorem, B = A1⊕. . .⊕As (direct sum of ideals)
where Ai are simple algebras not necessarily H-subcomodules. Let B1 be a minimal ideal of
A that is an H-subcomodule. Then B1 = Ai1⊕ . . .⊕Aik for some i1, i2, . . . , ik ∈ {1, 2, . . . , s}.
Consider B˜1 = {a ∈ A | ab = ba = 0 for all b ∈ B1}. Then B˜1 equals the sum of all Aj ,
j /∈ {i1, i2, . . . , ik}, and A = B1⊕ B˜1. We claim that B˜1 is an H-subcomodule. It is sufficient
to prove that for every h∗ ∈ H∗, a ∈ B˜1, b ∈ B1, we have h
∗(a(1))a(0)b = h
∗(a(1))ba(0) = 0.
However, this follows from (1) and (2). Hence B˜1 is an H-subcomodule and the inductive
argument finishes the proof. 
3. Co-stability of the Jacobson radical
Note that if A is a finite dimensional H-comodule algebra for a Hopf algebra H , then
EndF (A) is an H-comodule algebra where ψ(0)a ⊗ ψ(1) = ψ(a(0))(0) ⊗ ψ(a(0))(1)(Sa(1)) for
ψ ∈ EndF (A) and a ∈ A. Moreover,
(h∗ψ)a = h∗(ψ(a(0))(1)(Sa(1)))ψ(a(0))(0) =
∑
i
h∗i
′ψ((S∗h∗i
′′)a)
for h∗ ∈ H∗, ψ ∈ EndF (A), and a ∈ A. Hence h
∗ψ =
∑
i ζ(h
∗
i
′)ψζ(S∗h∗i
′′) for all h∗ ∈ H∗
and ψ ∈ EndF (A) where ζ : H
∗ → EndF (A) is the map corresponding to the H
∗-module
structure on A.
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Lemma 4. Let A be a finite dimensional H-comodule algebra over a field F for some Hopf
algebra H with S2 = idH . Consider the left regular representation Φ: A → EndF (A) where
Φ(a)b := ab. Then
tr(Φ(h∗a)) = h∗(1) tr(Φ(a)) for all h∗ ∈ H∗ and a ∈ A.
Proof. Note that Φ is a homomorphism of H-comodules. Therefore, Φ is a homomorphism
of H∗-modules. Moreover,
tr(Φ(h∗a)) =
∑
i
tr ζ(h∗i
′)Φ(a)ζ(S∗h∗i
′′) =
∑
i
tr(ζ((S∗h∗i
′′)h∗i
′)Φ(a)).
Note that ∑
i
ζ((S∗h∗i
′′)h∗i
′)b =
∑
i
(S∗h∗i
′′)(h∗i
′(b(1))b(0)) =
∑
i
(h∗i
′′)(Sb(1))h
∗
i
′(b(2))b(0) = h
∗(b(2)Sb(1))b(0) = h
∗(1)b
for all h∗ ∈ H∗ and b ∈ A. Hence tr(Φ(h∗a)) = h∗(1) tr(Φ(a)). 
Theorem 1. Let A be a finite dimensional associative H-comodule algebra over a field F
for some Hopf algebra H with S2 = idH . Suppose that either charF = 0 or charF > dimA.
Then the Jacobson radical J := J(A) is an H-subcomodule of A.
Corollary. Let A be a finite dimensional associative algebra over a field F graded by any
group G. Suppose that either charF = 0 or charF > dimA. Then the Jacobson radical
J := J(A) is a graded ideal of A.
Combining this with [20, Corollary 2.8], we get the graded Wedderburn — Mal’cev theo-
rem:
Corollary. Let A be a finite dimensional associative algebra over a field F graded by any
group G. Suppose that either charF = 0 or charF > dimA and A/J(A) is separable. Then
there exists a maximal semisimple subalgebra B ⊆ A such that A = B⊕ J(A) (direct sum of
graded subspaces).
Proof of Theorem 1. Note that J0 := H
∗J ⊇ J is an H-subcomodule. By Lemma 2, J0 is an
ideal. Therefore, it is sufficient to prove that J0 is a nil-ideal.
Let a1, . . . , am ∈ J , h
∗
1, . . . , h
∗
m ∈ H
∗. Note that J is nilpotent and tr(Φ(a)) = 0 for all
a ∈ J . By (1) and Lemma 4,
tr (Φ((h∗1a1) . . . (h
∗
mam))) =
∑
i
tr
(
Φ
(
h∗1i
′′(a1(S
∗h∗1i
′′)((h∗2a2) . . . (h
∗
mam)))
))
=
∑
i
h∗1i
′′(1) tr
(
Φ
(
a1(S
∗h∗1i
′′)((h∗2a2) . . . (h
∗
mam))
))
= 0
since a1(S
∗h∗1i
′′)((h∗2a2) . . . (h
∗
mam)) ∈ J .
In particular, tr(Φ(a)k) = 0 for all a ∈ J0 and k ∈ N. Since either charF = 0 or
charF > dimA, Φ(a) is a nilpotent operator on A and J0 is a nil-ideal. Hence J = J0. 
4. Co-stability of radicals in Lie algebras
Analogous results hold for Lie algebras:
Theorem 2. Let L be a finite dimensional H-comodule Lie algebra over a field F of char-
acteristic 0 for some Hopf algebra H with S2 = idH . Then the solvable radical R and the
nilpotent radical N of L are H-subcomodules.
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Proof. Consider the adjoint representation ad: L→ gl(L) where (ad a)b := [a, b]. Then ad is
a homomorphism of H-comodules and H∗-modules. Denote by A the associative subalgebra
of EndF (L) generated by (adL). Applying Lemma 1 to EndF (L), we obtain that A is an
H∗-submodule. Therefore, A is an H-subcomodule. By Lemma 2, H∗N and H∗R are ideals
of L. Theorem 1 and [11, Lemma 1] imply (ad(H∗N)) ⊆ H∗J(A) = J(A). Thus H∗N is
nilpotent and H∗N = N .
By [14, Proposition 2.1.7], [L,R] ⊆ N . Together with (1) this implies
[H∗R,H∗R] ⊆ [H∗R,L] ⊆ H∗[R,H∗L] ⊆ H∗[R,L] ⊆ H∗N = N.
Thus H∗R is solvable and H∗R = R. 
As an immediate consequence, we get D. Pagon, D. Repovsˇ, and M.V. Zaicev’s result:
Corollary. Let L be a finite dimensional Lie algebra over a field F of characteristic 0,
graded by an arbitrary group. Then the solvable radical R and the nilpotent radical N of L
are graded ideals.
Combining this with [11, Theorem 4], we obtain the graded Levi theorem:
Corollary. Let L be a finite dimensional Lie algebra over a field F of characteristic 0, graded
by an arbitrary group G. Then there exists a maximal semisimple subalgebra B in L such
that L = B ⊕ R (direct sum of graded subspaces).
5. Graded polynomial identities and their codimensions
Let G be a group and let F be a field. Denote by F 〈Xgr〉 the free G-graded associative
algebra over F on the countable set
Xgr :=
⋃
g∈G
X(g),
X(g) = {x
(g)
1 , x
(g)
2 , . . .}, i.e. the algebra of polynomials in non-commuting variables from X
gr.
The indeterminates from X(g) are said to be homogeneous of degree g. The G-degree of a
monomial x
(g1)
i1
. . . x
(gt)
it ∈ F 〈X
gr〉 is defined to be g1g2 . . . gt, as opposed to its total degree,
which is defined to be t. Denote by F 〈Xgr〉(g) the subspace of the algebra F 〈Xgr〉 spanned
by all the monomials having G-degree g. Notice that
F 〈Xgr〉(g)F 〈Xgr〉(h) ⊆ F 〈Xgr〉(gh),
for every g, h ∈ G. It follows that
F 〈Xgr〉 =
⊕
g∈G
F 〈Xgr〉(g)
is a G-grading. Let f = f(x
(g1)
i1
, . . . , x
(gt)
it ) ∈ F 〈X
gr〉. We say that f is a graded polynomial
identity of a G-graded algebra A =
⊕
g∈GA
(g) and write f ≡ 0 if f(a
(g1)
i1
, . . . , a
(gt)
it
) = 0 for
all a
(gj)
ij
∈ A(gj), 1 6 j 6 t. The set Idgr(A) of graded polynomial identities of A is a graded
ideal of F 〈Xgr〉. The case of ordinary polynomial identities is included for the trivial group
G = {e}.
Example 2. Let G = Z2 = {0¯, 1¯}, M2(F ) = M2(F )
(0¯) ⊕ M2(F )
(1¯) where M2(F )
(0¯) =(
F 0
0 F
)
and M2(F )
(1¯) =
(
0 F
F 0
)
. Then x(0¯)y(0¯) − y(0¯)x(0¯) ∈ Idgr(M2(F )).
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Let P grn := 〈x
(g1)
σ(1)x
(g2)
σ(2) . . . x
(gn)
σ(n) | gi ∈ G, σ ∈ Sn〉F ⊂ F 〈X
gr〉, n ∈ N. Then the number
cgrn (A) := dim
(
P grn
P grn ∩ Id
gr(A)
)
is called the nth codimension of graded polynomial identities or the nth graded codimension
of A.
The analog of Amitsur’s conjecture for graded codimensions can be formulated as follows.
Conjecture. There exists PIexpgr(A) := lim
n→∞
n
√
cgrn (A) ∈ Z+.
Theorem 3. Let A be a finite dimensional non-nilpotent associative algebra over a field F
of characteristic 0, graded by any group G. Then there exist constants C1, C2 > 0, r1, r2 ∈ R,
d ∈ N such that C1n
r1dn 6 cgrn (A) 6 C2n
r2dn for all n ∈ N.
Corollary. The above analog of Amitsur’s conjecture holds for such codimensions.
Remark. If A is nilpotent, i.e. x1 . . . xp ≡ 0 for some p ∈ N, then P
gr
n ⊆ Id
gr(A) and
cgrn (A) = 0 for all n > p.
Theorem 3 will be proved in Section 7.
6. Polynomial H-identities and their codimensions
In the proof of Theorem 3, we use the notion of generalized Hopf action [6, Section 3].
Let H be an associative algebra with 1 over a field F . We say that an associative algebra
A is an algebra with a generalized H-action if A is endowed with a homomorphism H →
EndF (A) and for every h ∈ H there exist h
′
i, h
′′
i , h
′′′
i , h
′′′′
i ∈ H such that
h(ab) =
∑
i
(
(h′ia)(h
′′
i b) + (h
′′′
i b)(h
′′′′
i a)
)
for all a, b ∈ A. (3)
Example 3. Let A be a (left) H-module algebra over a field F where H is a Hopf algebra,
i.e. A is endowed with a homomorphism H → EndF (A) such that h(ab) = (h(1)a)(h(2)b) for
all h ∈ H , a, b ∈ A. Then A is an algebra with a generalized H-action.
Example 4. Let A be a finite dimensional H-comodule algebra over a field F where H is a
Hopf algebra. Then by Lemma 1, A is an algebra with a generalized H∗-action.
Example 5. Let A =
⊕
g∈GA
(g) be an algebra graded by a group G and let (FG)∗ be the
algebra dual to the group coalgebra FG. In other words, (FG)∗ is the algebra of functions
G → F with the pointwise multiplication. Then A has the following natural (FG)∗-action:
ha(g) = h(g)a(g) for all g ∈ G, a(g) ∈ A(g), and h ∈ (FG)∗. If A is finite dimensional,
A =
⊕m
k=1A
(γk) for some m ∈ Z+, γ1, . . . , γm ∈ G. Therefore,
h(ab) =
m∑
j,k=1
h(γjγk)(πγja)(πγkb) =
m∑
j,k=1
h(γjγk)(hγja)(hγkb) for all h ∈ (FG)
∗, a, b ∈ A,
where hg ∈ (FG)
∗ are delta functions: hg1(g2) =
{
1, g1 = g2,
0, g1 6= g2,
and πg : A → A
(g) are the
natural projections with the kernels
⊕
t∈G,
t6=g
A(t). Hence A is an algebra with a generalized
(FG)∗-action.
Choose a basis (γβ)β∈Λ in H and denote by F 〈X|H〉 the free associative algebra over F
with free formal generators x
γβ
i , β ∈ Λ, i ∈ N. Let x
h
i :=
∑
β∈Λ αβx
γβ
i for h =
∑
β∈Λ αβγβ,
αβ ∈ F , where only finite number of αβ are nonzero. Here X := {x1, x2, x3, . . .}, xj := x
1
j ,
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1 ∈ H . We refer to the elements of F 〈X|H〉 as H-polynomials. Note that here we do not
consider any H-action on F 〈X|H〉.
Let A be an associative algebra with a generalized H-action. Any map ψ : X → A has
a unique homomorphic extension ψ¯ : F 〈X|H〉 → A such that ψ¯(xhi ) = hψ(xi) for all i ∈ N
and h ∈ H . An H-polynomial f ∈ F 〈X|H〉 is an H-identity of A if ψ¯(f) = 0 for all
maps ψ : X → A. In other words, f(x1, x2, . . . , xn) is an H-identity of A if and only if
f(a1, a2, . . . , an) = 0 for any ai ∈ A. In this case we write f ≡ 0. The set Id
H(A) of all
H-identities of A is an ideal of F 〈X|H〉. Note that our definition of F 〈X|H〉 depends on
the choice of the basis (γβ)β∈Λ in H . However such algebras can be identified in the natural
way, and IdH(A) is the same.
Denote by PHn the space of all multilinear H-polynomials in x1, . . . , xn, n ∈ N, i.e.
PHn = 〈x
h1
σ(1)x
h2
σ(2) . . . x
hn
σ(n) | hi ∈ H, σ ∈ Sn〉F ⊂ F 〈X|H〉.
Then the number cHn (A) := dim
(
PHn
PHn ∩Id
H (A)
)
is called the nth codimension of polynomial
H-identities or the nth H-codimension of A.
We need the following theorem:
Theorem 4 ([12, Theorem 1]). Let A be a finite dimensional non-nilpotent associative alge-
bra with a generalized H-action where H is an associative algebra with 1 over an algebraically
closed field F of characteristic 0. Suppose that the Jacobson radical J(A) is an H-submodule
and
A/J(A) = B1 ⊕ . . .⊕ Bq (direct sum of H-invariant ideals)
for some H-simple algebras Bi. Then there exist constants C1, C2 > 0, r1, r2 ∈ R, and d ∈ N
such that
C1n
r1dn 6 cHn (A) 6 C2n
r2dn for all n ∈ N.
7. Proof of Theorem 3. One example
In order to apply Theorem 4, we need the following lemma:
Lemma 5. Let A =
⊕
g∈GA
(g) be a finite dimensional associative algebra over a field F
graded by any group G. Consider the corresponding generalized H-action for H = (FG)∗
(see Example 5). Then cgrn (A) = c
H
n (A) for all n ∈ N.
Proof. Again, let {γ1, . . . , γm} := {g ∈ G | A
(g) 6= 0}.
Define the homomorphism of algebras ξ : F 〈X|H〉 → F 〈Xgr〉 by the formula ξ(xhk) =∑m
i=1 h(γi)x
(γi)
k , h ∈ H , k ∈ N. Note that ξ(Id
H(A)) ⊆ Idgr(A) since for any homomorphism
ψ : F 〈Xgr〉 → A of graded algebras we have ψ(ξ(xhi )) = hψ(ξ(xi)) and if f ∈ Id
H(A), then
ψ(ξ(f)) = 0. Hence we can define ξ˜ : F 〈X|H〉/ IdH(A)→ F 〈Xgr〉/ Idgr(A).
Let hγ1 , . . . , hγm ∈ H be the delta functions from Example 5. Then hγia ∈ A
(γi) is the
γi-component of a for all a ∈ A and 1 6 i 6 m. In particular,
xh −
m∑
i=1
h(γi)x
hγi ∈ IdH(A) for all h ∈ H. (4)
We define the homomorphism of algebras η : F 〈Xgr〉 → F 〈X|H〉 by the formula η(x
(γi)
j ) =
x
hγi
j for all 1 6 i 6 m, j ∈ N, and η(x
(g)
j ) = 0 for g /∈ {γ1, . . . , γm}. Note that η(Id
gr(A)) ⊆
IdH(A). Indeed, if ψ : F 〈X|H〉 → A is a homomorphism of algebras such that ψ(xhi ) =
hψ(xi) for all h ∈ H and i ∈ N, then ψ(η(x
(γi)
j )) = hγiψ(xj) ∈ A
(γi) for any choice of
ψ(xj) ∈ A. Hence ψη : F 〈X
gr〉 → A is a graded homomorphism, ψ(η(Idgr(A))) = 0, and
η(Idgr(A)) ⊆ IdH(A). Thus we can define η˜ : F 〈Xgr〉/ Idgr(A)→ F 〈X|H〉/ IdH(A).
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Denote by f¯ the image of a polynomial f in a factor space. Then
ξ˜η˜(x¯
(γi)
j ) =
m∑
k=1
hγi(γk)x¯
(γk)
j = x¯
(γi)
j for all 1 6 i 6 m, j ∈ N.
Since x
(g)
j ∈ Id
gr(A) for all g /∈ {γ1, . . . , γm}, the map ξ˜η˜ coincides with the identity map on
the generators. Hence ξ˜η˜ = idF 〈Xgr〉/ Idgr(A). By (4),
η˜ξ˜(x¯hj ) = η˜
(
m∑
i=1
h(γi)x¯
(γi)
j
)
=
m∑
i=1
h(γi)x¯
hγi
j = x¯
h
j for all j ∈ N, h ∈ H.
Similarly, we have η˜ξ˜ = idF 〈X|H〉/ IdH . Hence
F 〈X|H〉/ IdH(A) ∼= F 〈Xgr〉/ Idgr(A).
In particular, P
H
n
PHn ∩Id
H(A)
∼= P
gr
n
P grn ∩Id
gr(A)
and cgrn (A) = c
H(A) for all n ∈ N. 
Proof of Theorem 3. By Example 5, A is an algebra with a generalized H-action for H =
(FG)∗. By Lemma 5, graded codimensions of A coincide with its H-codimensions. By
Theorem 1, J(A) is a graded ideal and, therefore, an H-submodule. By Lemma 3, A/J(A)
is a direct sum of graded simple algebras. Now we use Theorem 4. 
Example 6. Let G be the free group with free generators a1, . . . , aℓ, ℓ > 2, let F be a field of
characteristic 0, and let k ∈ N. Recall that the group algebra FG has the natural G-grading
FG =
⊕
g∈G
(FG)(g) where (FG)(g) = Fg, g ∈ G.
Consider the subalgebra A of FG generated by 1, a1, . . . , aℓ and the ideal Ik ⊂ A generated
by all products ai1 . . . ain of length n > k. Note that both A and Ik are graded and A/Ik is a
finite dimensional algebra graded by an infinite non-Abelian group G. We claim that there
exist r1, r2 ∈ R, C1, C2 > 0 such that C1n
r1 6 cgrn (A/Ik) 6 C2n
r2 for all n ∈ N.
Proof. Note that A/Ik = (F1)⊕ J (direct sum of subspaces) where J is the ideal generated
by the images of ai in A/Ik. Moreover, J is the Jacobson radical of A/Ik since J is nilpotent.
Using Theorem 3, Lemma 5, and the formula in [12, Theorem 1], we get
PIexpgr(A/Ik) = dim((A/Ik)/J) = 1.

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